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We consider convex 3-polytopes with exactly two types of edges. The questions of the 
existence of such 3-polytopes are solved. The cardinalities of all classes are determined. 
1. Introduction 
Consider a convex 3-polytope M. An edge h of M is a type (a, b ; m, n) if its 
vertices are of degrees a and b and the two faces incident with h are an m-gon 
and n-gon. It is easy to show that with the exception of the five Platonic polytopes 
and four other edges of type (4,4;3,4), (4,4;3,5), (3,4;4,4) or (3,5;4,4) 
respectively (see Fig. 1) every 3-polytope has edges of at least two types. 
The present paper deals with 3-polytopes having edges of exactly two types. If 
all edges of a 3-polytope are of types (a, b; m, n) and (a’, b’; m’, n’) then 
evidently a’=b and m’=n. Let b’=c and n’=k and let Y(a,b,c;m,n,k) 
denote the class of 3-polytopes with edges of types (a, b; m, n) and (b, c; n, k). It 
is easy to see that sixtuples (a, b, c; m, n, k) and (c, b, a; k, n, m) determine the 
same class Y(a, 6, c; m, n, k). The same situation is in the case of sixtuples 
(a, 6, a; m, n, k) and (6, a, b; m, n, k), a f b. Therefore all sixtuples determining 
the same class 9’ = 9’(a, b, c; m, n, k) will be considered to be equivalent and will 
be represented by the sixtuple (a, b, c; m, n, k) called a reduced label of the class 
9. Let Y*(a, b, c; m, n, k) be the class of 3-polytopes dual to those from 
S(a, b, c; m, n, k). Since ~?*(a, b, c; m, n, k) = Y(m, n, k; a, b, c) the sixtuple 
H* = (m, n, k; a, b, c) is called dual of the sixtuple H = (a, b, c; m, n, k). 
In the sequel we shall use the term polytope (or polyhedron) to denote the class 
of all mutually combinatorially equivalent convex 3-polytopes (see [l, p. 381). 
Further notions used in the present paper and not defined therein are to be 
understood according to Griinbaum’s book [l]. 
The present paper was motivated by an article by Grtinbaum and Shephard [2]. 
They enumerate, among other, classes of polyhedra with exactly two types of 
edges imposing upon the edges (as opposed to our treatment) additional binding 
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requirements. Owens [7, 81 investigates the shortness coefficients of classes of 
polyhedra Y(3, 3, 3; 3, IZ, n) and Y(3, 3, 3; 5, 5, n) respectively. In [4] there is 
proved the hamiltonicity of the class Y(3, 3,3; 5, 5, 12). Triangular polyhedra 
with edges of exactly two types are subject of our paper [5]. Quadrangular 
polyhedra with that property are investigated in [3]. 
The main results of this paper are summed in the following 
Theorem. If the reduced label of the class 9’(a, b, c; m, n, k) is the sixtuple 
H = (a, b, c;m, n, k) then Y’(a, b, c;m, n, k): 
(1) contains a unique polyhedron if H is in list (A) 
(2) contains two polyhedra if H is in list (B) 
(3) contains three polyhedra if H is in list (C) 
(4) contains four polyhedra if H is in list (D) 
(5) contains five polyhedra if H is in list (E) 
(6) is infinite if H is in fist (F) 
(7) is empty in all other cases. 
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List (A): (3,3,3; 4,4, t), t 33, t f4; (3, 3, 3; 3, 5, 5); (3, 3, 3; 5, 5, 7); 
(3, 3, t; 4, 4, 4) t S 11; (3, 3, t; t, 3, 3) t z= 4; (3, 3, 4; 3, 5, 5); (3, 3, 4; 4, 5, 5); 
(3, 3, 4; 336, 6); (3, 3, 5; 3, 6,6); (3, 3, 4; 4, 4, 6); (3, 3, 4; 4, 4, 8); 
(3,3, 4; 4, 4, 10); (3, 3, 4; 5, 5, 4); (3, 3, 4; 5, 5, 6); (3, 3, 6; 5, 5, 4); 
(4, 4, 6; 5, 3, 4); (4, 4, 3; 3, 4, 4) and the duals of these sixtuples. 
List (B): (3, 3, 3; 4, 5, 5); (3, 3, 3; t, 5, 5), 8 c t s 9; (3, 3, t; 4, 4, 4), 4~ t s 5; 
and the duals of these sixtuples. 
List (C): (3, 3, 3; 5, 6, 6); (5, 5, 6; 3, 3, 3). 
List (D): (3, 3, 3; 5, 5, 11); (3, 4, 3;4, 4, 6); (4, 3, 5; 4, 4, 4) and the dual of 
these sixtuples. 
List (E): (3, 3, 3; 5, 5, 10); (5, 5, 10; 3, 3, 3). 
List (F): (3, 3, 3; 5, 5, t), t 2 12; (3, 3, 3;6, 6, t), 3=~t 65; (3, 3, 3; 7, 7, t), 
3 G t s 4; (3, 3, 3; 3, t, t), 8 s t G 10; (3, 3, t; 4, 4, 4) 6 =z t s 10; (3, t, t; 4, 4, 4) 
4s t <5; (3, 4, t;4,4, 4) t ==5; (3, 5, t; 4, 4,4), t >4, t z5, (4, 3, t; 4, 4,4), 
tz=5; (5,3, t;4,4,4), t>6;(3,3, t;5,5,5), tS4; (3,4,3;4,4,2t), ta4; 
(3, 5, 3; 4, 4, 2t), t 2 3; (3, 4, 4; 4, 4, 5); (3, 4, 4; 4, 4, 6); (3, 5, 4; 4, 4, 6), and the 
duals of these sixtuples. 
If M is a polyhedron with p =p(M) faces, v = v(M) vertices and e = e(M) 
edges then 
p+v-e=2. (E) 
Let M E Y(a, b, c; m, n, k). Using the Euler formula (E) we have 
min{a, b, c, m, n, k} = 3 (1.1) 
min{a, b, c} s 5 and min{m, n, k} s 5. (1.2) 
Let pi =p,(M) or vi = vi(M) denote the number of i-gonal faces or i-valent 
vertices of a polyhedron M. Now (E) yields the relationship 
1z (4 - i)(pj + vi) = 8. (1.3) 
Let eij(M) = eii denote the number of edges of a polyhedron M whose end 
vertices are i-valent and j-valent. We have 
Lemma 1.1. Let M be a polyhedron with at most eight 3-gonal faces whose every 
3-valent vertex is adjacent only to b-valent vertices (b # 3). Then b = 4 or b = 5. 
Proof. From (1.3) and the hypotheses of the lemma 
V3 3 2 (i - 4)vi- 
By the hypotheses of the lemma, 3v3 = e3b and bvb = e3b + ebb + cia4 eib. This 
means that je, > ((b - 4)/b)(e,b + ebb + Ci*4 eib) + Cia4,jfb (i - 4)Vj. Therefore 
1 3e3b 3 ((b - 4)/b)e,b so that b = 4 or 5. [7 
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In the following parts of the paper we shall prove the theorem. The proof will 
be perform according to the form of the reduced labels of the classes 
Y(a, b, c; m, n, k). Only one of the pair of the mutually dual sixtuples will be 
considered. Many procedures of constructions or reduction of planar 3-connected 
graphs (i.e. of polyhedra-see Steinitz theorem [l]) will be used. 
For the proof of the theorem for the classes of triangular or quadrangular 
polyhedra see [5] or [3] respectively. (For Y(5, 5, 5, 5t + 1; 3, 3, 3), t 2 3, see 
[8]). By the Kotzig theorem (cf. [6]) f or every pentagonal polyhedron e33 3 30. 
Thus for a #b fc #a the class Y(a, b, c; 5, 5, 5) is empty. For the same reasons 
Y(a, a, b; 5, 5, 5) is empty for a # 3. The constructions showing that the class 
Y(3, 3, b; 5, 5, 5) is infinite for every b 2 4 is left to the reader. By (1.2) the 
classes of m-gonal polyhedra are empty for any m 5 6. The classes 
Y(a, b,c;m,n,k) and .Y(a, b,c;m,n,m), a#b#c#a, m#n#k#m, are 
empty. For polyhedra from each of these classes the parameters a, b, c, m, n, k 
must be even, which contradicts (1.1). 
It remains to prove the theorem for the following four forms of the reduced 
labels: 
(i) (a, a, b;m, m, n), a#b, m#n; 
(ii) (a, a, b; m, n, m), a # b, m fn; 
(iii) (a, a, b; m, n, n), a # b, m fn; 
(iv) (a,a, b;m,n,k), afb, m#n#k#m. 
2. Case (a,a,b;m,m,n), a#b, m#n 
Suppose that M E Y(a, a, b; m, m, n). Evidently p =p,,, +pn, u = u, + vb, 
np, = cab, bvb = cob, mp, = 2e,, + enb, au, = 2e,, + e& Substitution into (E) and 
routine manipulations yield 
(f+f-l)e.. + (i+i+i+$eab=2. (2.1) 
Since the faces incident with any given b-valent vertex must be alternating m- and 
n-gons, b must be even. Analogously so is n. Thus by (1.1) 
min{a, m} = 3. 
The class 9’ = Y(3, 3, b; 3, 3, n) for b # 3, n # 3 is empty, since in the opposite 
case any polyhedron M from 9’ would not have a 3-connected graph. 
In the sequel it will be sufficient to consider the case a = 3. For m = 3 we get 
polytopes dual to those with a = 3. 
Suppose that a = 3, m = 4, i.e. M E Y(3, 3, b; 4, 4, n), b # 3, n # 4. Then M 
must contain a configuration such as that of Fig. Ziz. This configuration implies the 
existence (in M) of a configuration such as that shown in Fig. 2b. There are b/2 
such configurations incident with every b-valent vertex. Simplifying all such 
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Fig. 2. 
configurations as in Fig. ZC we obtain a regular graph of degree b all of whose 
faces are either 3-gons or nlZgons and these two types of faces alternate at every 
b-valent vertex. The resulting planar graph will have edges of type (b, b ; 3, n/2) 
only. Since m = 4 and it is even, n 2 6. Since b G 5 (this is a property of planar 
graphs) and even, b = 4. Using these facts and (E) we see that a planar graph all 
of whose edges are type (4, 4; 3, n/2) can exist for IZ E (6, 8, lo} only. Such a 
graph does exist and is unique for every n E (6, 8, lo}. For n = 6 it is a graph of 
the octahedron, for IZ = 8 it is shown in Fig. la and for IZ = 10 in Fig. lb. The 
inverse procedure applied to these graphs yields polytopes whose graphs are 
shown in Figs. 3a, 3b or 3c respectively. 
Let a = 3, m = 5, i.e. let M E Y(3, 3, b ; 5, 5, n), b # 3, n # 5. In a polytope 
from this class there must exist at every b-valent vertex a configuration such as 
b C 
Fig. 3. 
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that shown in Fig. 4a; this in its turn implies the existence of a configuration such 
as that shown in Fig. 46. At every b-valent vertex there are b/2 such 
configurations. Changing each such configuration as in Fig. 4c yields a planar 
graph G with edges of only one type, namely (b, b; 5, n/2). If the resulting graph 
contains no 2-gons, necessarily b = 4. There exists one such graph only shown in 
Fig. lb (where n = 6). If we allow the planar graph G to contain 2-gons (i.e. 
n = 4), then (E) and the fact that 2p2 = 5ps in this case yield the relation 
(20 - 3b)p, = 4b which shows that 6 = 4 or 6. For b = 4 there exists one graph 
with two 5-gons. For b = 6 there also exists exactly one graph with twelve 5-gons 
and thirty 2-gons (it can be obtained from a graph of the dodecahedron). 
Inserting a configuration like that shown in Fig. 4b into the 5-gons of these three 
graphs yields graphs of polyhedra with required properties. 
If a = 3, m 2 6, then by (1.2) IZ = 4. In this case the coefficient of ena in (2.1) is 
nonpositive; but this means that coefficient of cob is positive. Therefore 
126/(56 - 12) > m. Since m 2 6, the last inequality has the solution b < 4 which 
contradicts the assumption that b 3 4. 
From the above considerations we have 
Lemma 2.1. If (b, m, n) e ((4, 4, 6), (4, 4, g), (4, 4, IO), (4, 5, 4), (4, 5, 6) 
(6, 5, 4)) then the class Y(3, 3, b; m, m, n) contains a unique polyhedron. For any 
other triple (b, m, n) the class Y(3, 3, b; m, m, n) is empty. 
3. The case (a, a, b; m, n, m), a # 6, m f n 
We shall consider the dual case i.e. the reduced labels of the form 
(a, b, a; m, m, n). We have 
Lemma 3.1. The class .9’(3, 4, 3; 4, 4, 6) contains exactly four polyhedra. For 
(a, b, m, n) E ((3, 4, 4, 2t), t 2 4; (3, 5, 4, 2t), t 2 3) the class Y’(u, b, a; m, m, n) 
is infinite. Y(a, b, a; m, m, n) is empty for any other quadruple (a, b, m, n). 
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Proof. Since a # b, both m and n are even. By (1.1) b = 3 or a = 3. Without loss 
of generality we may assume that a = 3. By Lemma 1.1, b = 4 or b = 5. Let 
(a, b) = (334); by (E) 
(24 - 5m)p, + (24 - 5n)p, = 48. (3.1) 
By (1.2) min{m, n} = 4. Using (3.1) it is easy to show that m = 4, 12 26. The 
construction of [9] may be used to obtain an infinite series of polytopes from 
Y(3, 4, 3; 4, 4, n), n = 2t, t 3 4. Use a quintuple of 4-gons like that in Fig. 50 
(k = 4); the manipulation shown in Fig. Sb yields two (k + 2)-gons and eight 
4-gons. If n > k + 2, we continue the construction using the quadrangles (Ye, (Ye. 
If IZ = k + 2, then to obtain the next pair of m-gons use the quadrangles a,,, ayz, 
Q, LYE (for it 3 8 this configuration always appears). The starting graph is that of 
Fig. Ic. Consider M E Y(3, 4, 3; 4, 4, 6), insert a vertex into every hexagon of M 
and join it with all 3-valent vertices incident with this 6-gon. Resulting graph G is 
a quadrangular one with vertices of two types - 4-valent and 3-valent. 3-valent 
vertices are of two kinds: those having been 3-valent in M and those inserted into 
6-gons of M; their number will be denoted by V: and ~YJ~, respectively. (It is clear 
that 2r3 is equal to p6(M), the number of 6-gons in M.) 
From (1.3) we see that for G 
us + i& = 8, i.e. v3 +p6(M) = 8. 
The number v3(M) of 3-valent vertices of M is 
v3(M) = v; + 3V, = 8 + 2p,(M). 
For M we have 
(3.2) 
(3.3) 
3+(M) = 4v,(M) = e(M), (3.4) 
where e(M) denotes the number of edges of M. From (3.4) it follows that 
us(M) = 4s for suitable integer s. Substitution into (3.3) yields 4s = 8 + 2p6(M). 
This implies 
p,(M) = 0 (mod 2). (35) 
(k+2)- 
Fig. 5. 
2)-gon 
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From (3.3) and (3.4) we see that 
e(M) = 24 + 6p,(M). (3.6) 
Let v(M) denote the number of vertices and p(M) the number of faces of M. By 
(3.4) we have 
v(M) = 2r3(M) + v4(M) = &(M) = 14 + &(M). (3.7) 
By (E), (3.6) and (3.7) we have 
p(M) = 12 + sp6(M). (3.8) 
From (3.2) and (3.5) it follows that M can have two, four, six or eight hexagons. 
Fig. 6. 
Convex 3-polytopes 151 
Detailed and routine analysis, based on the properties of M obtained from (3.2), 
(3.6), (3.7) and (3.8), h s ows that in any of these four cases there is exactly one 
polytopal graph. These graphs are shown in Fig. 6. 
For (a, b) = (3, 5) analogously as above we obtain the necessary condition 
(30 - 7m)p, + (30 - 7n)p, = 60 
and see that m = 4 and n 3 6. The construction of an infinite sequence of 
non-isomorphic graphs of polyhedra from Y(3, 5, 3; 4,4,2t), t 2 3, is left to the 
reader (see e.g. [9]). 0 
4. The case (a,a,b;m,n,n), afb, mfn 
For polyhedra of these classes we have 
(4. I) 
At least one of the coefficients in (4.1) must be positive. Suppose that the 
coefficient of e,, is positive. Thus l/m + l/n 2 (a -2)/a, but at the same time 
l/m + l/n G 4 + a. This means that 3 c a < y!, i.e. a E (3, 4). If a > 5, then the 
coefficient of coo is negative. However, in this case the coefficient of cob must be 
positive which leads easily to n E (3, 4). 
Let a = 3, it is easy to see that 
Lemma 4.1. The class Y(3, 3, b; m, 3, 3) is empty if b#m. For b=m>3, 
Y(3, 3, b; m, 3, 3) consists of exactly one polyhedron, namely an n-sided pyramid. 
Lemma 4.2. Let M E Y(3, 3, b ; m, n, n), m # n, n 2 4, b f 3. Zf n = 0 or 2 
(mod 3) then every n-gon of M may be adjacent to at most Ln/3] m-gons, if n = 1 
(mod 3) then the maximum number of m-gons is [n/3] - 1 (1x1 denotes the integer 
part of x). 
Proof. The n-gon cx is incident with 3-valent and b-valent vertices. The distance 
between a pair of two (clockwise) consecutive b-valent vertices of a may be 2 or 
3; it is 3 if and only if two adjacent 3-valent vertices intervene. These are incident 
with an edge where the n-gon a: meets an m-gon p. The distance may not be 
greater than 3 since in that case M would contain pairs of adjacent m-gons which 
is not allowed for the above class of polytopes. El 
Corollary 4.2.1. Y(3, 3, b; m, 4, 4) is empty for all pairs (b, m), b # 3, m # 4. 
Suppose that M E Y(3, 3, b; m, n, n), b 2 4, m #It, n 3 4. Replace every 
m-gon /I of M by an m-valent vertex as shown in Fig. 7 (this transformation will 
be termed a J-transformation). The vertices of the resulting graph M’ are of at 
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most three types: 3-valent, b-valent and m-valent; the 3-valent (and also 
m-valent) vertices are adjacent only to b-valent vertices. The number of edges of 
every face CY’ of M’ will be smaller than that of the corresponding (Y of M; 
the difference will equal the number of m-gons adjacent to cx in M, i.e. CX’ 
will be at least an (n - [n/3] )-g on if n = 0, 2 (mod 3) or (n + 1 - [n/3] )-gon 
if it = 1 (mod 3) respectively. Since M’ contains no vertices of degree ~2, it 
necessarily contains faces of degree ~5. Therefore 
n 
n- - <5 
11 3 
if n=O, 2(mod3) 
n 
n+l- - s5 
11 
(4.2) 
3 
if it = 1 (mod 3). 
It is easily verified that the first inequality of (4.2) is satisfied by n E (5, 6); no n 
satisfies the second. The immediate consequence is 
Lemma 4.3. Y’(3, 3, b; m, n, n) is empty for n > 7. 
Lemma 4.4. Zf (6, m) E ((4, 3), (4, 4)) then Y(3, 3, b; m, 5, 5) contains a unique 
polyhedron. For all other pairs (b, m) the class Y(3, 3, b; m, 5, 5) is empty. 
Proof. Let M E Y(3, 3, 6; m, 5, 5), b > 3, m # 5. According to Lemma 4.2 every 
5-gon of a polyhedron M from this class is adjacent to exactly one m-gon and 
every m-gon is surrounded by 5-gons. The graph M’ (result of the J- 
transformation of M) has only 4-gonal faces and edges of types (3, b ; 4, 4) and 
(b,m;4,4) where bk4, m24, m#5 (or only one type (3,b;4,4) if m=3). 
Every 4-gon of M’ is incident with a 3-valent vertex, an m-valent vertex and two 
nonadjacent b-valent vertices, respectively. Thus evidently b is even (since the 
adjacent 3-valent and m-valent vertices alternate). By Lemma 1.1, b = 4. 
If m = 3 there exists only one graph with exactly one type of edges (3,4; 4,4) 
which is shown in Fig. Ic. An inverse J-transformation applied to this graph 
yields the graph of the corresponding polytope M. 
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Let m 2 4, m # 5. Let us call the 4-valent vertices of M’ adjacent to m-valent 
vertices blue vertices (to distinguish among them and m-valent vertices which for 
m = 4 may be 4-valent, too). Consider a graph M” corresponding to M’ whose 
vertex set consists of all non-blue vertices of M’. Two vertices of M” will be 
adjacent if in M’ the corresponding vertices are incident with one face. Since in 
M’ every face was incident with exactly one 3-valent and one m-valent vertex, M” 
will evidently be planar with edges of only one type, namely (3, m; 4, 4). The 
faces of M” are 4-gonal. This is implied by the fact that “new” edges go “around” 
the blue 4-valent vertices of M’. There is exactly one graph M” with these 
properties for m = 4 (Fig. Ic). No such graphs exist for m 2 6. Applying the 
inverse procedure we obtain a graph of a unique polyhedron from the class 
Y(3, 3, 4; 5, 5, 5). 
Using a similar manner we obtain 
Lemma 4.5. Zf (b, m) E ((4, 3), (5, 3)) then Y(3, 3, b; m, 6, 6) contains (I unique 
polyhedron. For all other pairs (b, m) Y(3, 3, b; m, 6, 6) is empty. 
Now let a = 4. We shall start by investigating cases when IZ = 3 or m = 3. For 
n = 3 we obtain polyhedra dual to those from Y(3, 3, b; m, 4, 4) which is empty. 
By (4.1) the class Y(4, 4, b; 3, n, n) is empty for n 2 6. The only remaining 
classes to investigate are Y(4, 4, b; 3, 4, 4) and 974, 4, b; 3, 5, 5). We shall 
investigate instead the dual classes Y(4, 4, 3; m, 4, 4) and Y(5, 5, 3; m, 4, 4). For 
the first, we have 
Lemma 4.6. The class Y(4, 4, 3; m, 4, 4) 
(i) contains a unique polyhedron for rrt = 3, 
(ii) is infinite for 5 s m 6 6, 
(iii) is empty for m 2 7. 
Proof. Without loss of generality we may assume that the graph of M contains a 
configuration like the one shown in Fig. 8~. The face (Y of this configuration is 
a 
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necessarily a 4-gon (being adjacent to an m-gon). Therefore the vertex Y is 
3-valent. This makes necessary the situation shown in Fig. 8b. Let the face p be 
an m-gon; then the vertices U and V are 4-valent, the face y is m-gon (adjacent to 
a 4-gon over the edge UZ whose end vertices are 4-valent). The face 6 can be 
neither a 4-gon (because of TZ) nor an m-gon (since it is adjacent to y). This 
contradiction shows that p must be a 4-gon, the vertices U and V 3-valent, y a 
4-gon and 6 an m-gon. The configuration shown in Fig. 9 is the necessary result. 
We shall call it a J-configuration. Replacing all J-configurations in a graph 
M E Y(4, 4, 3; m, 4, 4) by a 4-gon RSTQ yields a 4-valent planar graph M’ whose 
faces are 4-gons and the faces obtained from m-gons. M’ must contain a face of 
degree at most 3 which has been obtained from m-gons. Since an m-gon could 
have had common vertices with at most [m/2] distinct J-configurations, the 
smallest face in M’ is at least an [m/2] -g on, i.e. [m/2] ~3. The last inequality 
has only the solution m = 3, 5 and 6 (m f 4 by the conditions of the case). 
Let m = 3. By (1.3), v3 =p3 = 4 for M from Y(4, 4, 3; 3,4, 4). The J- 
configuration in Fig. 9 for m = 3 necessarily leads to a unique graph of M. The 
infinite sequence of graphs of polytopes from Y(4, 4, 3; 5, 4,4) is obtained as 
follows: in the graph of the polytope of Fig. la find a J-configuration (Fig. 9) and 
replace it by the configuration of Fig. l&z. The result is a graph of a polytope with 
a 
S 
Fig. 10. 
b 
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required properties containing four J-configurations. Analogous replacement of 
one of these yields another graph of a polytope with required properties. In this 
graph, we may again replace one J-configuration, etc. An endless series of 
polytopes from Y(4, 4, 3; 6, 4, 4) may start with the same polytope of Fig. Ic. 
Replace its J-configuration by the configuration of Fig. lob. Then proceed as 
before, using Fig. 18 instead of Fig. I&. 0 
Lemma 4.7. The class Y(5, 5, 3; m, 4, 4) is empty for any m s 3, m # 4. 
Proof. Let M E Y(5, 5, 3; m, 4, 4). Construct a graph G(M) as follows: To every 
m-gon of M there corresponds a vertex of G(M). Two vertices of G(M) will be 
adjacent if the corresponding m-gons in M are incident with the same vertex. 
Evidently G(M) is regular of degree m. From the 3-connectedness of M it is clear 
that G(M) contains neither loops nor 2-gons. This means that m s 5. Since m # 4 
it is sufficient to investigate the situation when m = 3 or m = 5. It is easy to show 
that every 5-valent vertex of M is incident with two m-gons and three 4-gons and 
that the m-gons are not adjacent. Thus every 5-valent vertex is adjacent to 
exactly one 3-valent vertex. Three 4-gons are incident with the 3-valent vertex; 
these 4-gons are part of a configuration like that shown in Fig. 11. Deleting all 
3-valent vertices of M yields a planar graph with edges of only one type, namely 
(4,4; 6, m). Such a graph does not exist. q 
Consider now the classes Y(4, 4, b ; m, n, n) with m 2 4 and n 3 4. By (1. l), 
b = 3. In these cases the coefficient of e,, in (4.1) is negative. Then the coefficient 
of cab must be positive, i.e. 
?+a+$-120 
n 
so that it = 4. Thus we come to the class Y(4, 4, 3; m, 4, 4) investigated above, cf. 
Lemma 4.6. 
Fig. 11. 
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Let a 2 5, then (as shown at the beginning of this paragraph) 12 E (3, 4). Thus 
the only classes left to investigate are Y(a, a, b; m, 3, 3) and 9’(a, a, b; m, 4, 4). 
However, the duals of both of these classes have been investigated already. 
5. The case (a,a,b;m,n,k), a#b, m#n#k#m 
Consider polyhedra from .??‘(a, a, b; m, n, k). Evidently a, b and k are even. 
Taking into consideration (1.1) and (1.2) we have 
min{a, b} = 4, max{a, b} 2 6, min{m, n} = 3. (5.1) 
A consequence of (E) for this class is 
( L+1+2-1 coo+ m n a > ( i+i+i+t-l enb=2. > (5.2) 
The coefficient of cab in (5.2) is nonpositive, therefore the coefficient of eaa must 
be positive. Let t = max{m, n}; then 4 + l/t + 2/a > 1, i.e. 
6t 
->a>4 
2t - 3 (5.3) 
This means that t E (4, 5). Substitution into (5.3) yields a = 4 in both cases. Thus 
in the sequel we only need consider the following four classes of polyhedra: 
Y(4, 4, b; 3, 4, k), Y(4, 4, b; 3, 5, k), Y(4, 4, b; 4, 3, k) and Y(4, 4, b; 5, 3, k) 
respectively, b 2 6, b even, k even. 
Let M E S(4, 4, b; 3, 4, k). M must contain a configuration such as that in Fig. 
12. If every vertex of such a configuration were 4-valent, we should obtain, after 
necessary construction step, the graph of the polytope in Fig. la with edges of 
only one type. None of the vertices Bi, i = 1, 2, 3 may be b-valent. Suppose 
(without loss of generality) that Al is b-valent; then A2 must be 4-valent. A, must 
be b-valent for the face containing AI, B1 and A6 to be a k-gon. Therefore A, 
and A3 must be 4-valent and so also A4 (the faces incident with Ad, B3, A5 or AZ, 
AE A, 
Fig. 12. 
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B2, A3 must not be k-gonal). This means that all 3-gons must be located in 
configurations such as that in Fig. 13a. Simplifying all the configurations of Fig. 
13a of the graph of the polytope it4 as in Fig. 13b, we obtain a planar graph with 
edges of one type only, namely (b, b; 4, k/2) for k 3 6. Such a graph, however, 
does not exist so that the class Y(4, 4, b; 3, 4, k) is empty for every pair (b, k) 
where b 2 6, k 2 6. 
Lemma 5.1. The class Y(4, 4, b; 3, 5, k) is infinite for (b, k) = (6, 4) and is empty 
for all other pairs (b, k), b > 6, k > 6. 
Proof. Associate a graph G(M) to the graph of M as follows: The vertices of 
G(M) will be the vertices associated with the k-gons and b-valent vertices of M. 
An edge of G(M) will join two vertices if one of them corresponds to a k-gon and 
the other to a b-valent vertex and these two elements are incident in M. Let ~1 be 
a connected component of G(M) none of whose faces, with the exception of the 
periphery, contains another component of G(M). All the faces of p are even-gons 
since they are incident with b/Zvalent and k/2-valent alternating vertices. 
Evidently, p contains no 2-gons. Neither does it contain 4-gons, since this would 
necessitate the graph of M to be 2-connected. Thus k/2 = 2, i.e. k = 4 (since 
b 2 6 and there must be elements of degree s-2 in p). Let fi be a graph 
homeomorphic with ~1 and containing no 2-valent vertices. p does not contain 
any 3-gon. The assumption of a 3-gon in p would mean that the graph of M 
contains a configuration such as that in Fig. 14 with AI, AZ, A3 b-valent and Br, 
B2, B3 4-valent. All the vertices in the region bounded by the circuit 
B,A,B,A,B,A, are 4-valent and therefore all the faces are either 3-gons or 
5-gons. o1, a2, cz3 are necessarily 5-gons. Following the other edges and faces 
logically yields a contradiction-namely a forbidden adjacency relation in M. 
Analogously we derive a contradiction starting with the assumption that p 
contains an r-gon with r f 5. Therefore b/2 = 3, i.e. b = 6 and simultaneously 
that fi contains only 5-gons (i.e. that ,U is the graph of a dodecahedron). This 
means that S(4, 4, b; 3, 5, k) is empty for (b, k) # (6, 4). 
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The existence of 5-gons in p (excepting possibly the outside face of p) means 
that in the graph of M there is a configuration (say 15) such as shown in Fig. 15 
with AI, AZ, A3, Aq, A5 6-valent and CY~, cu,, Q, CX,, (Ye 5gons. The starting 
point of the construction of an infinite sequence of non-isomorphic graphs of 
polytopes from Y(4, 4, 6; 3, 5, 4) is the graph G1 obtained as follows: Embed, in 
every face of a dodecahedron graph a configuration L in such a way that the 
vertices AI, AZ, AS, Aq, A5 coincide with the vertices of the face. Then delete the 
original edges of the dodecahedron. The basic role in the process of the 
construction is played by configuration K (marked by a thick line boundary in Fig. 
15). Assume the existence of Gi (i 2 1). Find one occurrence of K in Gi and 
replace it by the graph Gr - K. The resulting graph Gi+, will contain occurrences 
of K which permit the construction to continue. 0 
The last two classes will be treated simultaneously. 
Lemma 5.2. The class 974, 4, 6; 5, 3, 4) contains a unique polyhedron. The class 
9’(4,4, b; m, 3, k) is empty for all other triples (b, m, k) # (6, 5, 4). 
Fig. 15. 
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Proof. Let M E Y(4, 4, b; m, 3, k) with m = 4 or 5. Every 3-gon of the graph of 
M is part of a configuration such as that in Fig. 16 where B is b-valent and AI, A2 
are degree 4. Thus the other face incident with the edge AlAz is an m-gon. The 
faces (with the exception of the 3-gon) incident with the edges BA1 and BAz are 
k-gons. Since 3-gons and k-gons must alternate at every b-valent vertex and every 
vertex incident with an m-gon is also adjacent to k-valent vertex. Thus we come 
to a configuration of Fig. 17a (for m = 4) or Fig. 17b (for m = 5) respectively. 
Replacing this configuration by 4-gon A1A2A3A4 (for m = 4) or by a 5-gon 
A1A2A3A4A5 (for m = 5), respectively, leads to a graph with edges of one type 
(b, b; m, k/2) only, where by (5.1) b 3 6. In the case m = 4, there is k 2 6, and 
the required graph does not exist. In case m = 5 there is k 2 4 even. The required 
graph for k 2 6 does not exist either. The remaining case is k = 4, i.e. the 
existence problem for a graph with edges of exactly one type (b, b, 5, 2). Since at 
every vertex we must have alternating 5-gons and 2-gons, there are b/2 2-gons 
incident with every b-valent vertex. Replacing every 2-gon by an edge we obtain 
a graph with edges of exactly one type (b/2, b/2; 5, 5), where b/2 2 3. There 
exists exactly one such graph-the dodecahedron graph. Inverting the procedure, 
we obtain exactly one polytopal graph from Y(4, 4, 6; 5, 3, 4). 0 
Al 
a 
Fig. 17. 
b 
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